In this work, we present a new methodology to fit the observed and synthetic spectrum of solar-like stars at millimeter, submillimeter and infrared wavelengths through semiempirical models of the solar chromosphere. We use the Levenberg-Marquardt algorithm as a Non-Linear method, PakalMPI as the semiempirical model of the solar chromosphere, and recent observations from the Atacama Large Millimeter/submillimeter Array (ALMA) of Alpha Centauri A as a test case. Our results show that we can use solar chromospheric semiempirical models as an input model to reproduce the observed spectrum of solar-like stars. The new profiles show similarities to the solar chromosphere as a minimum of temperature (without the restriction from CO emission) and a plateau in the high chromosphere. Our method provides a new fast numerical tool to estimate the physical conditions of solar-like stars.
INTRODUCTION
The particular characteristics of the emission at millimeter, submillimeter, and infrared wavelengths in the solar chromosphere allow us to estimate their temperature and density using indirect methodologies like semiempirical models (Vernazza et al. 1981; Fontenla et al. 1993; Avrett, & Loeser 2008) . These models are an important tool for a wide set of studies e.g. solar and stellar chromospheres (Loukitcheva et al. 2004; Linsky 2017) , temperature minimum (Liseau et al. 2013; De la Luz et al. 2014) , solar flares (Machado et al. 1980; Trottet et al. 2015) and Sun component features (Fontenla et al. 2006) .
In terms of solar atmospheric temperatures, the semiempirical models predict values close to photospheric temperatures that decreases until a minimum, then increase dramatically until the coronae (Vernazza et al. 1981; Avrett, & Loeser 2008) in a thin layer of around 2200 km. This layer is known as the solar chromosphere. The chromosphere remains observable by different spectral ranges that include Ultraviolet (UV) in the continuum and line emission, in the visible (mainly Hα) and in the millimeter, submillimeter and infrared wavelengths. This last wavelength range becomes more important as improvements in the sensitivity and space resolution in modern radio telescopes (Nakajima et al. 1995; Kudaka et al. 2015; Wedemeyer et al. 2016) .
The process to compute an atmospheric model begin testing the initial conditions of a semiempirical model (Vernazza et al. 1976; Carlsson 1992; Dere et al. 1997; De la Luz et al. 2010 ). The process includes three steps: i) small modifications in an initial temperature profile, ii) compute the density and pressure required to guarantee hydrostatic, hydrodynamic or magnetohydrodynamic equilibrium, and iii) compute the synthetic spectrum to compare with observations. Differences between synthetic and observed spectrum are solved making changes in the atmospheric temperature profile at different altitudes until synthetic and observed spectrum converges. The number of iterations to converge both observations and the synthetic spectrum restrict the precision of the computation.
Recent observations at sub-mm wavelengths of Solar-like stars allow computing for the first time the stellar atmosphere at chromosphere altitudes using as start model the solar chromospheric by millimeter-infrared wavelength range observations (Liseau et al. 2016) . However, the differences between the solar chromosphere and the structure of the atmosphere of Solar-like stars requires thousands of iterations to fit observations and the synthetic spectrum.
In this work, we present a new non-linear model to converge automatically observed and synthetic spectrum of solar-like chromospheres at millimeter-infrared wavelength. We used the Levenberg-Marquardt (LM) method to fitting observations and synthetic spectrum using PakalMPI as parametric function (De la Luz et al. 2011 ). The LM algorithm use three parameters: a set of points in the electromagnetic spectrum as the independent variable (ν) in the LM scope, PAKALMPI as function model (f (ν, T r )), and the temperature model (T r ) as a set of discrete points used to computed
where T b is the synthetic spectrum. In our case, the observed spectrum that corresponds with the frequencies is the dependent data (T o b ). Our model does not take into account limb brightening contribution. We are computing the brightness temperature in the center of the stellar disk.
In Section 2 we present the region of the spectrum under study (independent variable). In Section 3 present our parametric semiempirical model PakalMPI (function model). In Section 4 the set of observations of Solar-like stars used as test cases (dependent data). In Section 5 we describe the general approximation and restriction of the LM method used in this work. In Section 6 we show the results of the case test. Finally in Section 7 we present our discussion and conclusions.
THE INDEPENDENT VARIABLE: THE MILLIMETER,SUBMILLIMETER, AND INFRARED WAVELENGTHS
The independent variable in the LM scope represents the set of data that are evaluated in the function model. In this work, the independent variable (ν) is a set of frequencies of the electromagnetic spectrum at millimeter, submillimeter, and infrared wavelengths
where k is the number of points in the observed electromagnetic spectrum and ν i are central frequencies of radio observations constrained to cover the 10 bands by ALMA (from 35GHz to 950GHz) and Spitzer (12.5THz):
This range of frequencies allow us to use the tomographic properties of the emission to estimate the radial temperature and density profile evolved in the synthetic electromagnetic spectrum (De la Luz 2016).
THE PARAMETRIC FUNCTION MODEL: PAKALMPI
LM requires a function model that receives the independent variable (ν) and a set of parameters (T r ) that fit the model (Equation 1). In our case, we modify PakalMPI model (De la Luz et al. 2010 , 2011 to work as parametric function. PakalMPI model uses Bremsstrahlung (Dulk 1985; Güdel 2002) , Inverse Bremsstrahlung (Golovinskii, & Zon 1980) , and H- (Zheleznyakov 1996) mechanisms as source of opacity. However, Bremsstrahlung and H-are the most important mechanism of thermal emission in the chromosphere (De la Luz et al. 2011) .
The set of parameters are temperature points that represent the radial temperature profile under study
where n is the number of altitudes in the radial temperature profile and T i are the ordered radial temperatures against distance over the photosphere from a semiempirical model. We used C7 model (Avrett, & Loeser 2008) as initial condition (radial temperature and density) because is a consistent model of the solar chromosphere especially on the temperature minimum (De la Luz et al. 2014 ). The C7 model is a one-dimensional and time independent model of the average quiet-Sun. This model replaced the earlier model C of Vernazza et al. (1981) and take into account observations of the Extreme Ultraviolet (EUV) spectrum and two measurements in the submillimeter region to get a good average of the temperature minimum. However, this model does not reproduce correctly the observations in the submillimeter, millimeter and radio range (De la Luz 2016). De la Luz et al. (2014) showed that by modifying the temperature profile it is possible compute a better fit in this region of the spectrum. The new model obtained was compatible with the theory presented by Avrett, & Loeser (2008) . The temperature profile is passed as arguments together with the frequency ranges to PakalMPI. Then, PakalMPI compute in three steps the synthetic spectrum: i) compute a new radial density profile iteratively using the radial temperature profile to satisfy the hydrostatic equilibrium, ii) compute the ionization stages of a set of atoms that represents the chemical composition of the atmosphere, and iii) solves the radiative transfer equation in the set of requested frequencies. The two last steps can be computed in parallel using the Message Passing Interface (MPI) methodology. Detailed information about the steps can be found in De la Luz et al. (2010) .
PakalMPI output includes the synthetic spectrum, the radial profiles of all the ions, temperature, density, and pressure of the atmosphere in equilibrium. This output is used in further steps of our methodology.
THE DEPENDENT DATA: OBSERVATIONS OF SOLAR-LIKE STARS AT MILLIMETER, SUBMILLIMETER, AND INFRARED WAVELENGTHS
In this work, the dependent variable is represented by the observed spectrum
where T ν k b is a observed point in the electromagnetic spectrum. The development of new infrastructure (Atacama Large Millimeter/submillimeter Array (ALMA), Large Millimeter Telescope (LMT), etc.) allow us to study main sequence stars in mm -sub-mm regime. The emission at these wavelengths is originated in the chromosphere mainly to free-free emission (Dulk 1985; Loukitcheva et al. 2004; Wedemeyer et al. 2016) , and neutral interaction (Zheleznyakov 1996) but in general, it is not well-constrained (Cranmer et al. 2013 ). The first binary stellar system that has been observed and studied in this regime has been Alpha Centauri (α Cen) located at 1.3384 ± 0.0011pc (Kervella et al. 2017) . The system α Cen is composed of two stars: α Cen A (G2 V) and α Cen B (K1 V). In both, the minimum temperature was observed by Liseau et al. (2013) in the far-infrared. Liseau et al. (2016) showed that an atmospheric structure similar to the Sun can be adapted to solar-like stars.
In order to test our model, we have chosen α Cen A since it is often considered a solar twin (Cayrel de Strobel 1996) and has observations from the far infrared to the millimeter (Liseau et al. 2016) .
LEVENBERG-MARQUARDT APPROACH: THE KINICH-PAKAL MODEL
There are several implementations of the Levenberg-Marquadt algorithm (Marquardt 1963; Press et al. 1986; Pujol 2007) . In this work we use least square fit (LsqFit) package developed by Julia Optim team (Mogensen et al., 2018) .
The model that we present in this work is called Kinich-Pakal (KP). The aim of KP is to compute the best model of stellar atmosphere to fit the synthetic spectrum to observations at millimeter, submillimeter, and infrared wavelengths.
In Figure 1 we show the pseudo code of KP. We start reading the initial conditions of a single model that includes: radial temperature, Hydrogen density, and pressure. KP read the radial profiles and the observations and start the computations iterative using PakalMPI as a function model.
In each iteration, KP computes the hydrostatic equilibrium of the input atmosphere and compute their synthetic spectrum. The computations of the synthetic spectrum is performed in parallel for each frequency. If the differences between the observed and the synthetic spectrum are greater than an epsilon stop flag, then the computed atmosphere becomes the initial condition for the next iteration and the process continues to step forward.
KP has several flags that constrain the Levenberg-Marquardt method. The constraints include: set the global limits of the solution, limit the solution in a defined range, and the absolute error tolerance against the set of observations. The performance of KP depends of the flag constraints and is studied in the following section.
TEST CASE: α CENTAURI A
α Cen A and B was the first stellar system resolved in submillimeter by ALMA (Liseau et al. 2015) . Table 1 show the properties of the observations of α Cen A during the Cycle 2 of ALMA between July 2014 and May 2015. In Table 2 we show additional observations of α Cen A. In the following subsections, we describe the set of test used by KP.
Infrastructure for the computations
For the following tests, we run KP in a single node of the cluster of the Center of Supercomputing of Space Weather of the National Laboratory of Space Weather in Mexico (LANCE). The node of the cluster have 40 threads with Intel Xeon E52670 v2 a 2.5GHz, 128GB of RAM (DDR3-1866) and 4T B for storage. The operating system is Linux 4.2.0 SMP for 64bits.
Test of auto convergence
Before starting these simulations with the real observed spectrum, we test the model using a synthetic spectrum produced by a solar atmosphere in hydrostatic equilibrium.
We use as input atmospheric model a set of radial profiles with variations of a pre-calculated atmosphere in equilibrium over the photosphere (z). We use the C7 model with variation of temperature of −1000K, −100K, −10K, +10K, +100K, and +1000K as shown in Figure 2a . We replace the observed spectrum used in this test with a synthetic spectrum computed with PakalMPI for the C7 model (Test Spectrum). The idea of replace the observed spectrum is to keep under control the input and the output of the model.
KP computed successfully these models in around 3 hour using a single node with 28 threads (one for each frequency). Table 3 show the frequencies and the computed synthetic spectrum used in this test.
In order to determinate the region where the emission is generated, we include in Figure 2c the normalized Contribution Function (CF) defined by
where j ν = κ ν B(T ) and
is the optical depth. We found that our model computes the emission between 140km and 2120km for 12.5THz and 35GHz respectively. The gray regions in Figure 2a -c shows the outer boundary of the model where the convergence method can not be applied directly. On the other hand, the synthetic spectrum computed with these models fit the Test Spectrum (Figure 2d ). The only result that not converge completely to the initial condition is the +1000K model (segmented black line in Figure 2b ). The auto convergence test show that our methodology has an upper boundary for the initial condition of +1000K. In the following tests, we use the real spectrum of α Cen A with different restrictions in KP to know the stability of the model.
Test without Restrictions (KP2019A)
In the second test, we use real observations of α Cen A using C7 as an input model without restrictions (i.e. the temperature model can take any value, even negative). KP makes 12730 iterations in 49.5 hours in order to obtain the model KP2019A. The results are shown in Figure 3a -b as dotted line. KP fixes the observed spectrum (Figure 3a ) but the atmospheric model presents changes in the radial temperature that are very complicated to explain physically. The model shows the following characteristics: high temperature at around 1500km over the photosphere T r > 11500K, negative temperatures at 1950km, and abrupt changes of temperature that reaches values between 3 × 10 5 K and −2 × 10 5 K that are physically impossible. Analyzing in detail the ray path of the solution of the radiative transfer equation, we found that negative temperatures are due Bremsstrahlung opacity. This opacity has the following form:
κ ν = C n e n i T 3/2 ν 2 , where C is a constant, n e is the electron density, n i the ion density, T the temperature, and ν the frequency. For temperatures less than 3000K the ion density of all the species that we study drops almost to zero (n i ≈ 0) due there is not enough energy to ionize the medium, especially Hydrogen. That's means that the atmosphere becomes optically thin. In the other way, when the temperatures are higher than 2 × 10 4 K all the medium is practically ionized, then the opacity can be rewritten as
the n e reaches a limit, however, the temperature can increase and as a consequence, the opacity again drops to zero. In both cases: low and high temperatures the atmosphere becomes optically thin. These results show that exist solutions computed by KP in the radiative transfer equations without physical interpretations. In the following test, we constrain the minimum temperature in the solution to try to solve this feature of the model.
Test Constraining Positive Temperatures (KP2019B)
In this test, we constrain the lower temperature limit in 3000K. KP produced the KP2019B model after computed 11300 models in around 44 hours. In the Figure 3a -b we show the results as dashedpoint line. We observe that the computed spectrum not exactly fix the observations of α Cen A (Figure 3a ) like the last test. The radial temperature profile again shows temperatures without physical interpretations (Figure 3b ). After 1600km, the radial temperature increase suddenly with temperatures around 10 5 K.
Test with Bounded Temperature (KP2019C)
We bounded the temperature taking both: the initial model as reference and the results of the Subsection 6.2. We use C7 model and a boundary of ±1000K as constraining. KP computed 7968 models in around 31 hours to produce our model called KP2019C. In Figure 3a -b we show the results as dashed line. Figure 3a shows that the spectrum computed by KP is close to fit the observed spectrum. However, we can observe that for low frequencies the model not fix exactly the observed spectrum. The temperature model (Figure 3b ) shows similar C7 model shape but with three main differences: i) at photospheric altitudes themKP2019C show a higher temperature than C7 model, ii) the temperature minimum of KP2019C is closer to the photosphere and shows a lower temperature of around 3200K than C7 model, and iii) the temperature in the high chromosphere of KP2019C (after 1500km) is higher than C7 by 1000K. In the following test, we analyze the impact of the spatial resolution of the radial temperature profile.
Testing the Spatial Resolution (KP2019D)
The C7 model starts with 140 layers divided into three parts: photosphere (20 layers), chromosphere (81 layers), and corona (39 layers) but in this test, we interpolate the model to increase the density 4 times in the chromospheric region up to 324 layers. KP2019D model is composed of 383 layers.
We used the same constraints as in the last subsection. To calculate the final spectrum, KP computes 23585 models in around 156 hours. The cyan solid lines in Figure 3a -b shows the results of KP2019D model. In figure 3a , we plot the spectrum obtained by the model showed in Figure 3b . We observe the same similarities of KP2019C but with changes in temperatures with more detailed spatial resolution. For example, the peak of temperature of KP2019C at around 1000km now is a set of spikes.
Smoothing Model (KP2019E)
We smooth the radial temperature profile from KP2019D using the filter of Savitzky-Golay with a nine degrees polynomial (Savitzky & Golay 1964) to know the effect of these spikes in the spectrum. This last profile was equilibrated again with PakalMPI to guarantee the hydrostatic equilibrium. The results are plotted in red colors in the same Figure 3a-b . We called this model KP2019E.
In the model KP2019E, we eliminate the spikes and compute their synthetic spectrum using PakalMPI. In Figure 3a we observe the results of eliminating the spikes in the temperature model. At low frequencies, the spectrum has a better fix. At frequencies lower than 300GHz the spectrum not fix exactly the observations but are inside of the observations error limits for all the points of the spectrum, except at 700GHz that correspond to the Band 9 of ALMA. This observation is the responsible of the increase of temperature in the radial profile between 450km and 1100km over the photosphere. The model KP2019E shows a continue profile without spikes. The temperature minimum is lower (∼ 3000K) and closer to the photosphere (∼ 500km) than C7 model. The radial temperature of KP2019E after 1500km is higher than C7 model.
In Figure 3 we show the results of computing the CF (panel c) and optical depth (panel d) for the KP2019E model at 35GHz, 97.5GHz, 233GHz, 679GHz, and 12491.5GHz. We found that for the case of 12491GHz the CF have a maximum at altitudes closed to 250km over the photosphere. For the other cases, the CF shows three peaks at 679GHz, two peaks at 233GHz, and one peak at 97.5GHz and 35GHz. These peaks in the CF shows similarities with the reported solar CF (Selhorst et al. 2019 ) that show two peaks (around 230GHz) and one peak (around 100GHz).
DISCUSSION AND CONCLUSIONS
In this work, we present KP a non-linear method to compute a stellar atmosphere to fix observed and synthetic spectrum trough a semiempirical model of the chromosphere at millimeter, submillimeter and infrared wavelengths. KP uses the Levenberg-Marquardt algorithm to minimize the differences between synthetic and observed spectrum running PakalMPI to equilibrate hydrostatically the atmosphere and compute their synthetic spectrum. KP uses MPI libraries, C, and Julia Languages to solve the model in parallel where it is possible to divide the computations.
We test the autoconvergence of the method using a set of variations of C7 model and found that variations greater than +1000K over the profile impacts in the final radial temperature model. This numerical behavior shows that the initial conditions should be lower than +1000K over the final solution. We can not compute directly stars with spectral class far to solar-like classification. Computations with small variations in the radial temperature profile to reproduce their emission is mandatory, specially for stars colder than the Sun. We used the radial density of C7 model as an initial condition for all the simulations. However, Figure 2c show that the CF for low frequencies is truncated due to low density at this altitude. In order to fix the CF a wider chromosphere than C7 model of density is required.
In this context, we use spectral observations of α Cen A at millimeter, submillimeter, and infrared wavelengths and C7 semiempirical model as input model with the following constraints: without restrictions, limit the lower temperature, and bounding temperature profile. We found that the solution of KP is acceptable only in the regimen of "bounding temperature" as shows in the model KP2019D. A detailed simulation using greater spatial resolution shows that the shape of the profile preserves but the profile shows several spikes that are numerical artifacts in the radial temperature profile. These spikes are related to the increase in the brightness temperature in some points of the observed spectrum. Specifically at Band 3 (97.5GHz) and 9 (679GHz) of ALMA.
We eliminate the spikes using the filter of Savitzky-Golay with a polynomial of nine degree. We compute the hydrostatic equilibrium of this last profile and called to this model KP2019E. The synthetic spectrum obtained from KP2019E fixed all the observed points inside of their observational errors for α Cen A except band 3 and 9 of ALMA. The spectrum computed from KP2019E suggest that both bands presents an over flux in agreement with the analysis of Liseau (2019) .
The CF for frequencies at 35GHz, 97.5GHz, 233GHz, 679GHz, and 12491.5GHz (ALMA and Spitzer coverage, Figure 3c ) shows similarities (one peak of CF at 100GHz and two peaks at 230GHz) in comparison with the solar models (Selhorst et al. 2019) . In the KP2019E model, the maximum peaks for the aforementioned frequencies occurs at a height of 2140km, 1625km, 1150km, 510km, and 275km that corresponds with the distance over the stellar photosphere where τ ν ≈ 1 (Figure 3d ).
The results obtained by the methodology here presented show that KP is capable of finding the physical conditions of stellar atmospheres of Solar-Like stars using their observed spectra at millimeter, submillimeter, and infrared wavelengths. We show, that KP is stable and a fast method that can compute thousands of atmospheres in a few hours.
The impact of the radial density as initial condition in the computation of the radial temperature profile as well as the estimation of a wider solar chromosphere using our methodology is considered as future work. KP can be found under request to the authors. Figure 1 . Diagram of operation for KP. KP uses a parametric function (PAKALMPI), a set of dependent data (observations) and independent variables (frequency) as inputs. LsqFit function starts the Levenberg-Marquart algorithm. PAKALMPI compute the hydrostatic equilibrium and solve the radiative transfer equation. LM receives the computed spectrum from PAKALMPI and compares it with observations. If the error is higher than predefined δ then LM modifies the temperature profile and repeats the process. If the error is less than δ then KP produces a new semiempirical model. Liseau et al. (2016 Liseau et al. ( , 2013 , and the triangle markers are the sun observations from ALMA White et al. (2017) . (b) Radial temperature profiles over the photosphere. We show that the radial temperature for α Cen A between 290 and 1560km is lower than the solar model. In the outer boundary, the temperature remains higher than the solar model. (c) Normalized Contribution Function (CF) of the KP2019E model of α Cen A for the same frequencies. For the case of 12491GHz, we found that the CF has a maximum close to 250km over the photosphere. For the other cases, the CF shows three peaks for 679GHz and two peaks for 233GHz and one peak for 97.5GHz and 35GHz. (d) Optical depth for 35GHz, 97.5GHz, 233GHz, 679GHz, and 12491.5GHz for KP2019E model of α Cen A.
